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Abstract
In this paper, we develop a uniﬁed framework to ﬁnd state-feedback control laws that solve two-player
zero-sum differential games over the inﬁnite time horizon and guarantee partial-state asymptotic stability of
the closed-loop system. Partial-state asymptotic stability is guaranteed by means of a Lyapunov function
that is positive deﬁnite and decrescent with respect to part of the system state. The existence of a saddle
point for the system's performance measure is guaranteed by the fact that this Lyapunov function satisﬁes a
partial differential equation that corresponds to a steady-state form of the Hamilton–Jacobi–Isaacs equation.
In the second part of this paper, we show how our differential game framework can be applied not only to
solve pursuit-evasion and robust optimal control problems, but also to assess the effectiveness of a model
reference adaptive control law. Speciﬁcally, the model reference adaptive control architecture is designed to
guarantee satisfactory trajectory tracking for uncertain nonlinear dynamical systems, whose matched
nonlinearities are captured by the regressor vector. By modeling matched and unmatched nonlinearities,
which are not captured by the regressor vector, as the pursuer's and evader's control inputs in a differential
game, we provide an explicit characterization of the system's uncertainties that do not disrupt the trajectory
tracking capabilities of the adaptive controller. Two numerical examples illustrate the applicability of our
results.
& 2016 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction
Differential game theory [21] deals with dynamical systems endowed with multiple control
inputs, some of which, usually named evaders, strive to maximize a given performance measure,
whereas some others, usually named pursuers, concurrently try to minimize this performance
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measure. Classic applications of differential games range from aerospace engineering [21,33] to
marine engineering [37], electrical engineering [14], communication networks [2], and
economics [12]. The study of zero-sum differential games over the inﬁnite time interval has
received considerably less attention, since it has been mostly explored for linear dynamical
systems with quadratic performance measures [41] and to establish connections with the classic
H1 control theory [7,13,22,29,31]. Differential games on the inﬁnite horizon for nonlinear
systems have been explored in [1,34], and in [4–7,23,32] within the context of the disturbance
rejection problem; however, connections between the feedback stabilization problem and
differential games involving nonlinear dynamical systems with nonlinear–nonquadratic
performance measures have not been explored before.
Partial-state stabilization, that is, the problem of stabilizing a dynamical system with respect to
a subset of the system state variables, arises in many engineering applications [30,36]. For
example, in the control of rotating machinery with mass imbalance, spin stabilization about a
nonprincipal axis of inertia requires motion stabilization with respect to a subspace instead of the
origin [30]. In general, the need to consider partial stability arises in control problems involving
equilibrium coordinates as well as a manifold of coordinates that is closed but not compact.
In this paper, we address a form of the differential game problem, which has not been
considered before. Speciﬁcally, consider a two-player zero-sum differential game problem
involving nonlinear dynamical systems with nonlinear–nonquadratic performance measures over
the inﬁnite time horizon. We provide sufﬁcient conditions for the pursuer's and evader's statefeedback control laws to guarantee both partial-state asymptotic stability of the closed-loop
dynamical system and the existence of a saddle point for the system's performance measure.
Remarkably, if the end-of-game condition is given by the convergence to an equilibrium point of
the trajectory of a subset of the system state variables, then closed-loop partial-state asymptotic
stability is a key feature to guarantee that this condition is permanently enforced.
The framework presented in this paper is also suitable to address problems, in which the
differential game ends when part of the system state trajectory enters a given neighborhood of an
equilibrium point within some time interval that is ﬁnite and not assigned a priori. Possible
applications for this framework concern, but are not limited to, games of degree [21, p. 12] such
as the game of two cars [21, pp. 237–244], whereby the pursuer's goal is to reach some
neighborhood of the evader irrespectively of the angle between the agents' velocity vectors.
The underlying idea of this paper is that if there exists a Lyapunov function that is positive
deﬁnite and decrescent with respect to part of the system state, and satisﬁes a partial differential
equation corresponding to a steady-state form of the Hamilton–Jacobi–Isaacs equation for the
controlled system, then there exist pursuer's and evader's state feedback control policies that
guarantee both partial-state asymptotic stability of the closed-loop dynamical system and the
existence of a saddle point for the system's performance measure. In this case, we provide an
explicit closed-form expression for the performance measure evaluated at the saddle point and
characterize the optimal evader's and pursuer's control policies. No collaboration between the
pursuer and the evader is assumed in this paper to achieve closed-loop partial-state asymptotic
stability. Indeed, the pursuer's control policy is designed to guarantee closed-loop stability with
respect to a class of evader's admissible controls, some of which may lead to system instability if
applied in conjunction with other pursuer's admissible controls.
The optimal control problem for several forms of closed-loop stability has been addressed
in [8,17,26,27]. In these works, the main idea is that a solution of the Hamilton–Jacobi–
Bellman equation can serve as a Lyapunov function to prove close-loop asymptotic stability
[8], partial-state stability [26], partial-state ﬁnite-time stability [17], and semistability [27].
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The Hamilton–Jacobi–Isaacs equation involves the minimization with respect to the pursuer
and maximization with respect to the evader of the Hamiltonian function, whereas the
Hamilton–Jacobi–Bellman equation involves the minimization of the Hamiltonian function
with respect to a control input. Consequently, results in [8,17,26] can be derived from those
presented herein. Since limit sets of partial-state stable dynamical systems are not invariant
[15, Chapter 4], the notion of partial-state semistability does not exist, and our differential
game framework cannot be specialized to resume results in [27].
The results proven in [8,17,26,27] are not suitable to design optimal feedback controls, which are
robust to external disturbances, parameter uncertainties, and unmodeled dynamics. Conversely, one of the
key contributions of this paper is the following. Regarding the evader's control policy as an exogenous
disturbance, we extend our game-theoretic framework to provide sufﬁcient conditions to solve the robust
optimal control problem for nonlinear dynamical systems with nonlinear–nonquadratic performance
measures. Similar results were achieved in [16] using a dissipativity-based approach and considering
classic, but not partial-state, asymptotic stability.
In the second part of this paper, we present an application of differential game theory that has
not been considered before. Speciﬁcally, we apply our differential game framework to assess the
effectiveness of a model reference adaptive control law in the presence of unmodeled
nonlinearities. The model reference adaptive control technique requires parametrizing matched
nonlinearities in the system state by means of a vector function, known as regressor. Since a
judicious choice of the regressor vector sensibly improves the controller's performance, the
problem of designing regressor vectors has drawn considerable attention, and has been examined
for several dynamical systems, such as robotic manipulators [9,39], inﬁnite-impulse response
(IIR) systems [3,24], and unmanned vehicles [11,35], to mention a few. Finding adequate
regressor vectors is so critical, that several regressor-free adaptive control schemes have been
developed as well [18,40].
The regressor vector is a ﬁnite-dimensional basis for the inﬁnite-dimensional space of
nonlinearities and hence it follows from Baire's category theorem [25, Th. 4–7.2] that it can only
approximate the system nonlinearities [11]. In this paper, we consider a nonlinear dynamical
system controlled by a model reference adaptive control law, and model matched and unmatched
nonlinearities, which are not captured by the regressor vector, as the pursuer's and the evader's
control inputs in a differential game. Then, we apply our differential game approach to explicitly
parametrize matched and unmatched nonlinearities that do not disrupt the adaptive controller's
ability to guarantee satisfactory trajectory tracking.
A relevant application of partial stability and partial stabilization theory is the uniﬁcation it
provides between time-invariant stability theory and stability theory for time-varying systems
[10,15]. Results presented in this paper can be easily extended to differential games over the
inﬁnite time horizon, which involve time-varying dynamical systems with nonlinear–
nonquadratic, time-varying performance measures. Moreover, our partial-state stabilization
framework provides clear connections with the H1 control theory for time-varying dynamical
systems [19]. Since the differential game problem over the inﬁnite time horizon for time-varying
systems is a straightforward specialization of the problem discussed in this paper, these results
are omitted.
2. Notation, deﬁnitions, and mathematical preliminaries
In this section, we establish notation, deﬁnitions, and review some basic results. Let R denote
the set of real numbers, Rn denote the set of n  1 real column vectors, and Rnm denote the set
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of n  m real matrices. We write J  J for the Euclidean vector norm, V 0 ðxÞ9 ∂VðxÞ
∂x for the
Fréchet derivative of V at x, In or I for the n  n identity matrix, 0nm or 0 for the zero n  m
matrix, and AT for the transpose of the matrix A.
Given f : X  Y-R, where XDRm1 and YDRm2 , we deﬁne

arg minmax f ðx; yÞ9 ðx ; y ÞA ðX; YÞ : f ðx ; y Þr f ðx; y Þ; 8 xA X; and
ðx;yÞ A ðX;YÞ

f ðx ; y ÞZ f ðx ; yÞ; 8 yA Y



and
minmax f ðx; yÞ9 f ðx ; y Þ;

ðx;yÞ A ðX;YÞ

ðx ; y ÞA arg minmax f ðx; yÞ:

ð1Þ

ðx;yÞ A ðX;YÞ

If ðx ; y Þ A arg minmaxðx;yÞ A ðX;YÞ f ðx; yÞ, then we say that ðx ; y Þ is a saddle point for f ð; Þ on
X  Y. The next result states a key property of saddle points.
Lemma 2.1 ([5]). Consider f : X  Y-R,
ðx ; y ÞA arg minmaxðx;yÞ A ðX;YÞ f ðx; yÞ. Then,
min max f ðx; yÞ ¼ max min f ðx; yÞ;
xAX yAY

yAY xAX

where

XDRm1

and

YDRm2 ,

ðx; yÞ A X  Y:

and

let
ð2Þ

In this paper, we consider nonlinear autonomous dynamical systems of the form
x_ 1 ðtÞ ¼ f 1 ðx1 ðtÞ; x2 ðtÞÞ;

x1 ð0Þ ¼ x10 ;

x_ 2 ðtÞ ¼ f 2 ðx1 ðtÞ; x2 ðtÞÞ;

x2 ð0Þ ¼ x20 ;

t Z 0;

ð3Þ
ð4Þ

where, for every t Z 0, x1 ðtÞ A DDRn1 and x2 ðtÞA Rn2 , D is an open set with 0 A D, f 1 :
D  Rn2 -Rn1 is such that, for every x2 A Rn2 , f 1 ð0; x2 Þ ¼ 0 and f 1 ð; x2 Þ is locally Lipschitz
continuous in x1, and f 2 : D  Rn2 -Rn2 is such that, for every x1 A D, f 2 ðx1 ; Þ is locally
Lipschitz continuous in x2.
Deﬁnition 2.1 ([15, Def. 4.1]). (i) The nonlinear dynamical system G given by Eqs. (3) and (4)
is Lyapunov stable with respect to x1 uniformly in x20 if, for every ε40, there exists δ ¼ δðεÞ40
such that J x10 J r δ implies that J x1 ðtÞJ oε for all t Z0 and for all x20 A Rn2 .
(ii) G is asymptotically stable with respect to x1 uniformly in x20 if G is Lyapunov stable with
respect to x1 uniformly in x20 and there exists δ40 such that J x10 J oδ implies that
limt-1 x1 ðtÞ ¼ 0 uniformly in x10 and x20 for all x20 A Rn2 .
(iii) G is globally asymptotically stable with respect to x1 uniformly in x20 if G is Lyapunov
stable with respect to x1 uniformly in x20 and limt-1 x1 ðtÞ ¼ 0 uniformly in x10 and x20 for all
x10 A Rn1 and x20 A Rn2 .
Next, we provide sufﬁcient conditions for partial stability of the nonlinear dynamical system
given by Eqs. (3) and (4). For the statement of the following result, let f ðx1 ; x2 Þ9
½ f T1 ðx1 ; x2 Þ; f T2 ðx1 ; x2 ÞT .

460

A. L'Afﬂitto / Journal of the Franklin Institute 354 (2017) 456–478

Theorem 2.1 ([15, Th. 4.1]). Consider the nonlinear dynamical system (3) and (4). Then the
following statements hold:
(i) If there exist a continuously differentiable function V : D  Rn2 -R and class K functions
αðÞ, βðÞ, and θðÞ such that
αðJx1 J Þr Vðx1 ; x2 Þr βð Jx1 JÞ;

ðx1 ; x2 ÞA D  Rn2 ;

ð5Þ

V 0 ðx1 ; x2 Þf ðx1 ; x2 Þr  θð Jx1 J Þ;

ðx1 ; x2 ÞA D  Rn2 ;

ð6Þ

then the nonlinear dynamical system given by Eqs. (3) and (4) is asymptotically stable with
respect to x1 uniformly in x20.
(ii) If there exist a continuously differentiable function V : Rn1  Rn2 -R, a class K function
θðÞ, and class K1 functions αðÞ and βðÞ satisfying Eqs. (5) and (6), then the nonlinear
dynamical system given by Eqs. (3) and (4) is globally asymptotically stable with respect to x1
uniformly in x20.
In the following, we recall a result that provides connections between Lyapunov functions and
nonquadratic cost evaluation. Speciﬁcally, we consider the problem of evaluating a nonlinear–
nonquadratic performance measure that depends on the solution of the nonlinear dynamical
system given by Eqs. (3) and (4). In particular, consider the nonlinear–nonquadratic performance
measure
Z 1
Jðx10 ; x20 Þ 9
Lðx1 ðtÞ; x2 ðtÞÞdt;
ð7Þ
0

where L : D  R -R is jointly continuous in x1 and x2, and x1 ðtÞ and x2 ðtÞ, t Z 0, satisfy Eqs.
(3) and (4). If there exists a Lyapunov function that is positive deﬁnite and decrescent with
respect to x1 and proves asymptotic stability of Eqs. (3) and (4) with respect to x1 uniformly in
x20, then the next theorem shows that (7) can be evaluated so long as Eqs. (3) and (4) are related
to this Lyapunov function.
n2

Theorem 2.2 ([26]). Consider the nonlinear dynamical system G given by Eqs. (3) and (4) with
performance measure (7). Assume that there exists a continuously differentiable function V :
D  Rn2 -R and class K functions αðÞ, βðÞ, and θðÞ such that
αðJx1 J Þr Vðx1 ; x2 Þr βð Jx1 JÞ;

ðx1 ; x2 ÞA D  Rn2 ;

ð8Þ

V 0 ðx1 ; x2 Þf ðx1 ; x2 Þr  θð Jx1 J Þ;

ðx1 ; x2 ÞA D  Rn2 ;

ð9Þ

Lðx1 ; x2 Þ þ V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ ¼ 0;

ðx1 ; x2 ÞA D  Rn2 :

ð10Þ

Then the nonlinear dynamical system G is asymptotically stable with respect to x1 uniformly in
x20 and there exists a neighborhood D0 DD of x1 ¼ 0 such that, for all ðx10 ; x20 ÞA D0  Rn2 ,
Jðx10 ; x20 Þ ¼ Vðx10 ; x20 Þ:

ð11Þ

Finally, if D ¼ Rn1 and the functions αðÞ and βðÞ satisfying Eq. (8) are class K1 , then G is
globally asymptotically stable with respect to x1 uniformly in x20.
In this paper, we consider controlled nonlinear dynamical systems of the form
x_ 1 ðtÞ ¼ F 1 ðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ;

x1 ð0Þ ¼ x10 ;

t Z 0;

ð12Þ
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x_ 2 ðtÞ ¼ F 2 ðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ;
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ð13Þ

where, for every t Z 0, x1 ðtÞ A DDRn1 , D is an open set with 0A D, x2 ðtÞA Rn2 , uðtÞA UDRm1 with
0 A U, wðtÞA WDRm2 with 0A W, F 1 : D  Rn2  U  W-Rn1 and F 2 : D  Rn2  U 
W-Rn2 are locally Lipschitz continuous in x1, x2, u, and w, and F 1 ð0; x2 ; 0; 0Þ ¼ 0 for every
x2 A Rn2 . The controls uðÞ and wðÞ in Eqs. (12) and (13) are restricted to the class of admissible
controls consisting of continuous functions uðÞ and wðÞ such that uðtÞA U, t Z 0, and wðtÞA W,
respectively.
Continuous functions ϕ : D  Rn2 -U and ψ : D  Rn2 -W satisfying ϕð0; x2 Þ ¼ 0, x2 A Rn2 ,
and ψð0; x2 Þ ¼ 0 are called control laws. If uðtÞ ¼ ϕðx1 ðtÞ; x2 ðtÞÞ, t Z0, and wðtÞ ¼ ψðx1 ðtÞ; x2 ðtÞÞ,
where ϕð; Þ and ψð; Þ are control laws and x1 ðtÞ and x2 ðtÞ satisfy Eqs. (12) and (13),
respectively, then we call uðÞ and wðÞ feedback control laws. Given control laws ϕð; Þ and
ψð; Þ, and feedback control laws uðtÞ ¼ ϕðx1 ðtÞ; x2 ðtÞÞ, t Z 0, and wðtÞ ¼ ψðx1 ðtÞ; x2 ðtÞÞ, the
closed-loop system (12) and (13) is given by
x_ 1 ðtÞ ¼ F 1 ðx1 ðtÞ; x2 ðtÞ; ϕðx1 ðtÞ; x2 ðtÞÞ; ψðx1 ðtÞ; x2 ðtÞÞÞ;

x1 ð0Þ ¼ x10 ;

x_ 2 ðtÞ ¼ F 2 ðx1 ðtÞ; x2 ðtÞ; ϕðx1 ðtÞ; x2 ðtÞÞ; ψðx1 ðtÞ; x2 ðtÞÞÞ;

x2 ð0Þ ¼ x20 :

t Z 0;

ð14Þ
ð15Þ

Next, we introduce the notion of partial-state asymptotically stabilizing feedback control laws.
To this goal, consider the controlled nonlinear dynamical system (12) and (13) and deﬁne the set
of regulation controllers
Sðx10 ; x20 Þ 9 fðuðÞ; wðÞÞ : uðÞ and wðÞ are admissible and x1 ðÞ given by Eq: ð12Þ
satisfies x1 ðtÞ-0 as t-1g:
In addition, given the control law ψð; Þ, let
S ψ ðx10 ; x20 Þ 9 fuðÞ : ðuðÞ; ψðx1 ðÞ; x2 ðÞÞÞA Sðx10 ; x20 Þg
and given the control law ϕð; Þ, let
S ϕ ðx10 ; x20 Þ9 fwðÞ : ðϕðx1 ðÞ; x2 ðÞÞ; wðÞÞ A Sðx10 ; x20 Þg:
Deﬁnition 2.2. Consider the controlled dynamical system given by Eqs. (12) and (13). The
feedback control law uðÞ ¼ ϕðx1 ðÞ; x2 ðÞÞ is asymptotically stabilizing with respect to x 1
uniformly in x 20 if the closed-loop system (14) and (15) is asymptotically stable with
respect to x 1 uniformly in x 20 for all admissible controls wðÞ A S ϕ ðx10 ; x20 Þ. Furthermore,
the feedback control law uðÞ ¼ ϕðx1 ðÞ; x2 ðÞÞ is globally asymptotically stabilizing with
respect to x 1 uniformly in x 20 if the closed-loop system (14) and (15) is globally
asymptotically stable with respect to x 1 uniformly in x 20 for all admissible controls
wðÞ AS ϕ ðx10 ; x20 Þ.

3. Lyapunov functions and differential games
In this section, we characterize partial-state asymptotically stabilizing feedback control laws
that solve differential games involving nonlinear dynamical systems over the inﬁnite time
horizon. Speciﬁcally, we characterize the pursuer's and evader's feedback control laws, which
guarantee both partial-state asymptotic stability of Eqs. (12) and (13) and the existence of a
saddle point for a nonlinear–nonquadratic performance measure. For the statement of the next
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theorem, which is one of the main results of this paper, deﬁne Fðx1 ; x2 ; u; wÞ
9 ½F T1 ðx1 ; x2 ; u; wÞ; F T2 ðx1 ; x2 ; u; wÞT and let L : D  Rn2  U  W-R be jointly continuous in
x1, x2, u, and w.
Theorem 3.1. Consider the controlled nonlinear dynamical system (12) and (13) with
Z 1
Lðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞdt;
Jðx10 ; x20 ; uðÞ; wðÞÞ 9

ð16Þ

0

where uðÞ and wðÞ are admissible controls. Assume that there exist a continuously differentiable
function V : D  Rn2 -R, class K functions αðÞ, βðÞ, and θðÞ, and control laws ϕ :
D  Rn2 -U and ψ : D  Rn2 -W, such that
αðJx1 J Þr Vðx1 ; x2 Þr βð Jx1 JÞ;

ðx1 ; x2 ÞA D  Rn2 ;

V 0 ðx1 ; x2 ÞFðx1 ; x2 ; ϕðx1 ; x2 Þ; ψðx1 ; x2 ÞÞ r  θðJx1 J Þ;

ð17Þ
ðx1 ; x2 Þ AD  Rn2 ;

ð18Þ

ϕð0; x2 Þ ¼ 0;

x2 ARn2 ;

ð19Þ

ψð0; x2 Þ ¼ 0;

x2 A R n 2 ;

ð20Þ

Lðx1 ; x2 ; ϕðx1 ; x2 Þ; ψðx1 ; x2 ÞÞ þ V 0 ðx1 ; x2 ÞFðx1 ; x2 ; ϕðx1 ; x2 Þ; ψðx1 ; x2 ÞÞ ¼ 0;
ðx1 ; x2 ÞA D  Rn2 ;

ð21Þ

Lðx1 ; x2 ; u; ψðx1 ; x2 ÞÞ þ V 0 ðx1 ; x2 ÞFðx1 ; x2 ; u; ψðx1 ; x2 ÞÞ Z0;

ðx1 ; x2 ; uÞ A D  Rn2  U;

ð22Þ

Lðx1 ; x2 ; ϕðx1 ; x2 Þ; wÞ þ V 0 ðx1 ; x2 ÞFðx1 ; x2 ; ϕðx1 ; x2 Þ; wÞ r0;

ðx1 ; x2 ; wÞ A D  Rn2  W:

ð23Þ

Then with the feedback controls u ¼ ϕðx1 ; x2 Þ and w ¼ ψðx1 ; x2 Þ, the closed-loop system given by
Eqs. (14) and (15) is asymptotically stable with respect to x1 uniformly in x20 and there exists a
neighborhood D0 DD of x1 ¼ 0 such that
Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ ¼ Vðx10 ; x20 Þ;

ðx10 ; x20 ÞA D0  Rn2 :

ð24Þ

In addition, if ðx10 ; x20 ÞA D0  R , then
n2

Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ
Jðx10 ; x20 ; uðÞ; wðÞÞ
¼
minmax

ð25Þ

Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; wðÞÞ r Vðx10 ; x20 Þ;

ð26Þ

ðuðÞ;wðÞÞ A S ψ ðx10 ;x20 ÞS ϕ ðx10 ;x20 Þ

and
wðÞ A S ϕ ðx10 ; x20 Þ:

Finally, if D ¼ R , U ¼ R , W ¼ R , and the functions αðÞ and βðÞ satisfying Eq. (17) are
class K1 , then the closed-loop system (14) and (15) is globally asymptotically stable with
respect to x1 uniformly in x20.
n1

m1

m2

Theorem 3.1, whose proof is presented in the Appendix, provides sufﬁcient conditions to
solve differential games that involve nonlinear controlled dynamical systems of the form (12)
and (13) with performance measure (16), and are concluded if x1 ðtÞ-0 as t-1. Speciﬁcally,
Eq. (21) is the steady-state, Hamilton–Jacobi–Isaacs equation and Eqs. (21)–(23) guarantee that
the saddle point condition (25) is veriﬁed. Given the control laws ϕð; Þ and ψð; Þ, it holds that
S ψ ðx10 ; x20 Þ  S ϕ ðx10 ; x20 ÞDSðx10 ; x20 Þ, and restricting our minimization problem to
ðuðÞ; wðÞÞ A Sðx10 ; x20 Þ, that is, inputs corresponding to partial-state null convergent solutions,
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can be interpreted as incorporating a system detectability condition through the cost. However, it
is important to note that an explicit characterization of Sðx10 ; x20 Þ, S ψ ðx10 ; x20 Þ, and S ϕ ðx10 ; x20 Þ is
not required.
The feedback control laws u ¼ ϕðx1 ; x2 Þ and w ¼ ψðx1 ; x2 Þ are independent of the initial
conditions x10 and x20 and, using Eqs. (21)–(23), are such that
 T
T
½Lðx1 ; x2 ; u; wÞ
arg minmax
ϕ ðx1 ; x2 Þ; ψ T ðx1 ; x2 Þ A
ðuðÞ;wðÞÞ A S ψ ðx10 ;x20 ÞS ϕ ðx10 ;x20 Þ
þV 0 ðx1 ; x2 ÞFðx1 ; x2 ; u; wÞ:

ð27Þ

It follows from Theorem 3.1 that the pair of control laws ðϕð; Þ; ψð; ÞÞ guarantees asymptotic
stability with respect to x1 uniformly in x20 of the closed-loop system. However, the state
feedback control law ψð; Þ may be destabilizing in the sense that, given an admissible control
uðÞ2
= S ψ ðx10 ; x20 Þ, the solution x1 ðtÞ ¼ 0, t Z 0, of
x_ 1 ðtÞ ¼ F 1 ðx1 ðtÞ; x2 ðtÞ; uðtÞ; ψðx1 ðtÞ; x2 ðtÞÞÞ;
x_ 2 ðtÞ ¼ F 2 ðx1 ðtÞ; x2 ðtÞ; uðtÞ; ψðx1 ðtÞ; x2 ðtÞÞÞ;

x1 ð0Þ ¼ x10 ;
x2 ð0Þ ¼ x20 ;

t Z 0;
ð28Þ

is not asymptotically stable with respect to x1 uniformly in x20 or may even be unstable.
If we consider the input wðÞ in Eqs. (12) and (13) as a disturbance, then the framework
developed in Theorem 3.1 provides an analytical expression for the least upper bound attained
with respect to uðÞ of the performance measure (16) over the class of disturbances S ϕ ðx10 ; x20 Þ.
Speciﬁcally, it follows from Eqs. (24)–(26) that
Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; wðÞÞ r Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ
¼ Vðx10 ; x20 Þ; ðx10 ; x20 ÞA D0  Rn2 ;

ð29Þ

for all admissible inputs wðÞ such that limt-1 x1 ðtÞ ¼ 0, where x1 ðÞ is the solution of Eq. (12)
with u ¼ ϕðx1 ; x2 Þ.
Possible applications of Theorem 3.1 involve pursuer–evader differential games, such as the
game of two cars [21, pp. 237–244]. Speciﬁcally, if the game of two cars evolves on a plane,
then the system dynamics is characterized by a state vector comprised of three components. Two
components of the state vector identify the position of the pursuer with respect to the evader,
whereas the third component corresponds to the angle between the pursuer velocity vector and
the evader velocity vector. If we impose that the game terminates when the pursuer reaches the
evader, then this end-of-game condition involves only two of the three state vector components
and is irrespective of the angle between the pursuer's velocity vector and the evader's velocity
vector. Therefore, Theorem 3.1 is adequate to solve this game of degree [21, p. 12]. The
following remark introduces additional applications of Theorem 3.1.
Remark 3.1. If the conditions of Theorem 3.1 are satisﬁed, then the closed-loop dynamical
system (14) and (15) is asymptotically stable with respect to x1 uniformly in x20. Hence, for every
l40, there exists t^f Z 0 such that if t4t^f , then Jx1 ðtÞJol, where x1 ðÞ denotes the solution of
Eq. (14). Now, consider a game involving the nonlinear dynamical system (12) and (13) and the
performance measure (16), whose terminal condition is given by J x1 ðt f ÞJ ¼ l for some t f Z 0
that is ﬁnite and not speciﬁed a priori. Then Theorem 3.1 provides sufﬁcient conditions to ﬁnd
state-feedback control laws that solve this differential game.
The implications of this remark on the range of possible applications of Theorem 3.1 can be
better appreciated considering again the game of two cars. If we impose that this game terminates
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when the pursuer is at a distance l40 from the evader at some ﬁnite time t f Z 0 that is not
predetermined, then also this end-of-game condition involves only two of the three components
of the state vector. Hence, it follows from Remark 3.1 that Theorem 3.1 is adequate to solve this
version of the game of two cars.
Remark 3.2. Setting m1 ¼ m and m2 ¼ 0, Eqs. (12) and (13) reduce to
x_ 1 ðtÞ ¼ F 1 ðx1 ðtÞ; x2 ðtÞ; uðtÞÞ;
x_ 2 ðtÞ ¼ F 2 ðx1 ðtÞ; x2 ðtÞ; uðtÞÞ;

x1 ð0Þ ¼ x10 ;
x2 ð0Þ ¼ x20 ;

t Z0;
ð30Þ

and the conditions of Theorem 3.1 reduce to the conditions of Theorem 3.2 of [26] characterizing
the optimal control problem for partial-state stabilization. Furthermore, setting n2 ¼ 0, m1 ¼ m,
and m2 ¼ 0, the nonlinear controlled dynamical system given by Eqs. (12) and (13) reduces to
x_ ðtÞ ¼ FðxðtÞ; uðtÞÞ;

xð0Þ ¼ x0 ; t Z 0:

ð31Þ

In this case, the conditions of Theorem 3.1 reduce to the conditions of Theorem 3.1 of [8]
characterizing the classical optimal control problem for time-invariant systems on the inﬁnite
time interval.

4. Spin stabilization of a spacecraft with input disturbance
In this section, we provide a numerical example to highlight the theoretical framework
developed in Section 3. Consider the equations of motion of a spacecraft given by [38]
ω_ 1 ðtÞ ¼ I 23 ω2 ðtÞω3 ðtÞ þ uðtÞ;

ω1 ð0Þ ¼ ω10 ; t Z 0;

ð32Þ

ω_ 2 ðtÞ ¼ I 31 ω3 ðtÞω1 ðtÞ þ wðtÞ;

ω2 ð0Þ ¼ ω20 ;

ð33Þ

ω_ 3 ðtÞ ¼ I 12 ω1 ðtÞω2 ðtÞ;

ω3 ð0Þ ¼ ω30 ;

ð34Þ

where I 23 9 ðI 2  I 3 Þ=I 1 , I 31 9 ðI 3  I 1 Þ=I 2 , I 12 9 ðI 1  I 2 Þ=I 3 , I1, I2, and I3 are the principal
moments of inertia of the spacecraft such that 0oI 1 oI 2 oI 3 , ½ω1 ; ω2 ; ω3 T : ½0; 1Þ-R3 denote
the angular velocity vector with respect to a given inertial reference frame expressed in a central
body reference frame, and u : ½0; 1Þ-R and w : ½0; 1Þ-R are the spacecraft control moments.
For this example, we seek state feedback controllers u ¼ ϕðx1 ; x2 Þ and w ¼ ψðx1 ; x2 Þ, where
x1 ¼ ½ω1 ; ω2 T and x2 ¼ ω3 , such that the performance measure
Z 1
2 2

I 31 ω1 ðtÞ I 223 ω22 ðtÞ þ 4I 23 ω2 ðtÞwðtÞ þ u2 ðtÞ w2 ðtÞ dt; ð35Þ
Jðx10 ; x20 ; uðÞ; wðÞÞ ¼
0

where x10 ¼ ½ω10 ; ω20  and x20 ¼ ω30 , satisﬁes Eq. (25) and the afﬁne dynamical system given
by Eqs. (32)–(34) is globally asymptotically stable with respect to xR1 uniformly in Rx20. Since
1
1
thrusters are usually aligned to the spacecraft principal axes of inertia, 0 u2 ðtÞdt and 0 w2 ðtÞdt
capture the control effort, and hence the fuel consumption, for the thrusters aligned with the ﬁrst
and the second principal axis of inertia,R respectively.
Thus,
minimizing with respect to u and

1
maximizing with respect to w the term 0 u2 ðtÞ w2 ðtÞ dt in Eq. (35) implies minimizing the
difference in the fuel consumption
between the
 thrusters aligned with the ﬁrst and the second
R1 
inertia axes. The term 0 I 231 ω21 ðtÞ  I 223 ω22 ðtÞ dt in Eq. (35) captures the difference in kinetic
energy due to the angular velocities ω1 ðÞ and ω2 ðÞ.
T
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Note that Eqs. (32)–(34) with performance measure (35) is in the form of Eqs. (12) and (13)
with performance measure (16). In this case, Theorem 3.1 can be applied with n1 ¼ 2, n2 ¼ 1,
m1 ¼ 1, m2 ¼ 1, Fðx1 ; x2 ; u; wÞ ¼ f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þu þ Gw ðx1 ; x2 Þ, f ðx1 ; x2 Þ ¼ ½I 23 ω3 ω2 ;
I 31 ω3 ω1 ; I 12 ω3 ω1 T , Gu ðx1 ; x2 Þ ¼ ½1; 0; 0T , and Gw ðx1 ; x2 Þ ¼ ½0; 1; 0T to characterize the
partial-state asymptotically stabilizing controllers.
It follows from Eq. (27) and Lemma 2.1 that
 T
T
ϕ ðx1 ; x2 Þ; ψ T ðx1 ; x2 Þ A arg min
arg max H ðx1 ; x2 ; V 0 ðx1 ; x2 Þ; u; wÞ
uðÞ A S ψ ðx10 ;x20 ÞwðÞ A S ϕ ðx10 ;x20 Þ

¼

arg max

arg min H ðx1 ; x2 ; V 0 ðx1 ; x2 Þ; u; wÞ;

ð36Þ

wðÞ A S ϕ ðx10 ;x20 ÞuðÞ A S ψ ðx10 ;x20 Þ

where
Hðx1 ; x2 ; λT ; u; wÞ 9 Lðx1 ; x2 ; u; wÞ þ λT ½f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þu þ Gw ðx1 ; x2 Þw;
and Lðx1 ; x2 ; u; wÞ ¼ I 231 ω21  I 223 ω22 þ 4I 23 ω2 w þ u2  w2 . Thus, the feedback control laws


ϕðx1 ; x2 Þ ¼  12 GTu ðx1 ; x2 ÞV 0T ðx1 ; x2 Þ ;
ð37Þ


ð38Þ
ψ ðx1 ; x2 Þ ¼ 12 GTw ðx1 ; x2 ÞV 0T ðx1 ; x2 Þ þ 4I 23 ω2 ;
follow from Eq. (36) by setting
∂
½Lðx1 ; x2 ; u; wÞ þ V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ
∂½uT wT T
þV 0 ðx1 ; x2 ÞGu ðx1 ; x2 Þu þ V 0 ðx1 ; x2 ÞGw ðx1 ; x2 Þw ¼ 0:

ð39Þ

Next, we verify that the conditions of Theorem 3.1 are satisﬁed. Speciﬁcally, Eq. (21) with
ϕðx1 ; x2 Þ and ψðx1 ; x2 Þ given by Eqs. (37) and (38), respectively, reduces to
" 2
#
I 31
0
1
2
T
0 ¼ x1
x1 þ V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ  ½V 0 ðx1 ; x2 ÞGu ðx1 ; x2 Þ
2
0  I 23
4
1
2
þ ½V 0 ðx1 ; x2 ÞGw ðx1 ; x2 Þ þ 4I 23 ω2  ; ðx1 ; x2 ÞA Rn1  Rn2 ;
4
which is veriﬁed by
"
#
I 31
0
T
Vðx1 ; x2 Þ ¼ x1
x ; ðx1 ; x2 ÞA Rn1  Rn2 :
0  I 23 1

ð40Þ

ð41Þ

Hence, Eq. (17) holds with αðJ x1 JÞ ¼ α Jx1 J and βðJx1 J Þ ¼ β J x1 J, where α ¼ minfI 31 ;  I 23 g
and β ¼ maxfI 31 ;  I 23 g. In addition, Eqs. (19) and (20) are trivially satisﬁed, and since
1
ðx1 ; x2 ÞLT2w ðx1 ; x2 Þ
V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ 12V 0 ðx1 ; x2 ÞGw ðx1 ; x2 ÞR2w


 12V 0 ðx1 ; x2 Þ Gu ðx1 ; x2 ÞGTu ðx1 ; x2 Þ Gw ðx1 ; x2 ÞGTw ðx1 ; x2 Þ V 0T ðx1 ; x2 Þ
¼  2I 231 ω21  2I 223 ω22 ; ðx1 ; x2 Þ ARn1  Rn2 ;

condition (18) is satisﬁed with θðJx1 J Þ ¼ 2α2 Jx1 J . Lastly, it holds that
Lðx1 ; x2 ; u; ψðx1 ; x2 ÞÞ þ V 0 ðx1 ; x2 Þ½f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þu þ Gw ðx1 ; x2 Þψðx1 ; x2 Þ
¼ Lðx1 ; x2 ; u; ψðx1 ; x2 ÞÞ þ V 0 ðx1 ; x2 Þ½f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þu
þGw ðx1 ; x2 Þψðx1 ; x2 Þ  Lðx1 ; x2 ; ϕðx1 ; x2 Þ; ψðx1 ; x2 ÞÞ
 V 0 ðx1 ; x2 Þ½f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þϕðx1 ; x2 Þ þ Gw ðx1 ; x2 Þψðx1 ; x2 Þ

ð42Þ
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¼ ½u ϕðx1 ; x2 ÞT R2u ðx1 ; x2 Þ½u ϕðx1 ; x2 Þ
Z 0; ðx1 ; x2 ; uÞA Rn1  Rn2  Rm1 ;

ð43Þ

and similarly
Lðx1 ; x2 ; ϕðx1 ; x2 Þ; wÞ þ V 0 ðx1 ; x2 Þ½f ðx1 ; x2 Þ þ Gu ðx1 ; x2 Þϕðx1 ; x2 Þ þ Gw ðx1 ; x2 Þw
¼ ½w  ψðx1 ; x2 ÞT R2w ðx1 ; x2 Þ½w ψðx1 ; x2 Þ
r 0; ðx1 ; x2 ; wÞ A Rn1  Rn2  Rm2 :

ð44Þ

Hence Eqs. (22) and (23) are veriﬁed.
Since all of the conditions of Theorem 3.1 hold, the feedback control laws
ϕðx1 ; x2 Þ ¼  I 31 ω1 ;

ψðx1 ; x2 Þ ¼ I 23 ω2 ;

ðx1 ; x2 ÞA Rn1  Rn2 ;

guarantee that the dynamical system (32)–(34) is globally asymptotically stable with respect to x1
uniformly in x20, and
Jðx10 ; x20 ; ϕð; Þ; ψð; ÞÞ ¼

minmax

ðuðÞ;wðÞÞ A S ψ ðx10 ;x20 ÞS ϕ ðx10 ;x20 Þ
¼ I 13 ω210  I 23 ω220

Jðx10 ; x20 ; uðÞ; wðÞÞ
ð45Þ

for all ðx10 ; x20 ÞA R  R .
Now, suppose the thruster delivering the control moment w is defective and


1
δðt Þ ψ ðx1 ; x2 Þ; ðt; x1 ; x2 ÞA ½0; 1Þ  Rn1  Rn2 ;
w ¼ ε
I 23
n1

n2

ð46Þ

where ε40 and δ : ½0; 1Þ-½0; 1Þ is continuous on the set of nonnegative real numbers. Then
the closed-loop dynamical system is given by
ω_ 1 ðtÞ ¼ I 23 ω2 ðtÞω3 ðtÞ þ ϕðx1 ; x2 Þ;

ω1 ð0Þ ¼ ω10 ;

ω_ 2 ðtÞ ¼ I 31 ω3 ðtÞω1 ðtÞ þ ½εψðx1 ðtÞ; x2 ðtÞÞ  ω2 ðtÞδðtÞ;
ω_ 3 ðtÞ ¼ I 12 ω1 ðtÞω2 ðtÞ;

t Z 0;

ð47Þ

ω2 ð0Þ ¼ ω20 ;

ω3 ð0Þ ¼ ω30 ;

ð48Þ
ð49Þ

which is equivalent to the time-invariant nonlinear dynamical system
ω_ 1 ðtÞ ¼ I 23 ω2 ðtÞω3 ðtÞ þ ϕðx1 ; x^ 2 Þ;

ω1 ð0Þ ¼ ω10 ;

t Z 0;

ω_ 2 ðtÞ ¼ I 31 ω3 ðtÞω1 ðtÞ þ ½εψðx1 ðtÞ; x^ 2 ðtÞÞ  ω2 ðtÞδð^x 2 ðtÞÞ;
ω_ 3 ðtÞ ¼ I 12 ω1 ðtÞω2 ðtÞ;
ω_ 4 ðtÞ ¼ 1;

ð50Þ
ω2 ð0Þ ¼ ω20 ;

ω3 ð0Þ ¼ ω30 ;

ω4 ð0Þ ¼ 0;

ð51Þ
ð52Þ
ð53Þ

x^ 2 9½xT2 ; ω4 T .

where
In this case, the Lyapunov function (41) is such that
V_ ðx1 ; x^ 2 Þ ¼ V 0 ðx1 ; x^ 2 Þ½f ðx1 ; x^ 2 Þ þ Gu ðx1 ; x^ 2 Þϕðx1 ; x^ 2 Þ þ εGw ðx1 ; x^ 2 Þψðx1 ; x^ 2 Þ
 ω2 V 0 ðx1 ; x^ 2 ÞGw ðx1 ; x^ 2 Þδð^x 2 Þ
¼  2I 223 ω21  2εI 223 ω22 þ 2I 23 ω22 δð^x 2 Þ
r  2I 231 ω21  2εI 223 ω22 ; ðx1 ; x^ 2 ÞA Rn1  Rn2 þ1 :

ð54Þ

Since θð Jx1 JÞ ¼ 2I 231 ω21 þ 2εI 223 ω22 , x1 A Rn1 is a class K function, it follows from Theorem 2.1
that the closed-loop dynamical system (47)–(49) is globally asymptotically stable with respect to
x1 uniformly in x^ 2 ð0Þ, which implies that limt-1 x1 ðtÞ ¼ 0. Hence, the input function (46) is such
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Fig. 1. Closed-loop system trajectories versus time.

Fig. 2. Control signal versus time.

that wðÞ A S ϕ ðx10 ; x20 Þ and it follows from Theorem 3.1 and Eq. (45) that
Jðx10 ; x20 ; ϕð; Þ; wðÞÞ ¼ I 31 ω210  I 23 ω220 ;

ðx10 ; x20 ÞA Rn1  Rn2 :

ð55Þ

Let I 1 ¼ 4 kg m2 , I 2 ¼ 10 kg m2 , I 3 ¼ 20 kg m2 , ω10 ¼  10 Hz, ω20 ¼ 5 Hz, and ω30 ¼ 2 Hz.
Fig. 1 shows the state trajectories of Eqs. (32) and (33) with u ¼ ϕðx1 ; x2 Þ and w ¼ ψðx1 ; x2 Þ
versus time, and Fig. 2 shows the corresponding control signal versus time. Next, let ε ¼ 10  2
and δðÞ be a triangle wave, that is,
h
i

1
δðt Þ ¼ 200 ð  1Þ⌊tþ2c t  t þ 12 þ 1 ; t Z0;
ð56Þ
where ⌊c denotes the ﬂoor
h function.
i Fig. 3 shows the state trajectories of Eqs. (32) and (33) with
u ¼ ϕðx1 ; x2 Þ and w ¼ ε  I123 δðt Þ ψ ðx1 ; x2 Þ versus time, and Fig. 4 shows the corresponding

control signal versus time. Note that x1 ðtÞ-0 as t-1 both in Fig. 1 and in Fig. 3. Finally,
Jðx10 ; x20 ; ϕð; Þ; ψð; ÞÞ ¼ Jðx10 ; x20 ; ϕð; Þ; wðÞÞ ¼ 222:5 Hz2 , for all wðÞ A S ϕ ðx10 ; x20 Þ.
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Fig. 3. Closed-loop system trajectories versus time in the presence of disturbances.

Fig. 4. Control signal versus time.

5. Adaptive control, differential games, and disturbance modeling
In this section, we show how our differential game framework can be applied to assess the
ability of robust feedback control laws to satisfactorily regulate uncertain nonlinear dynamical
systems. Model reference adaptive control is a technique aimed at stabilizing poorly modeled
dynamical systems in spite of unknown plant nonlinearities [20]. This result is achieved
parametrizing the matched nonlinearities in the plant state by means of a given vector function,
known as regressor vector. However, the regressor vector can only approximate the plant
nonlinearities. By modeling matched and unmatched nonlinearities, which are not captured by
the regressor vector, as pursuer's and evader's control inputs in a differential game, we apply the
framework developed in Section 3 to explicitly parametrize those matched and unmatched
nonlinearities that do not disrupt the ability of an adaptive control law to guarantee satisfactory
trajectory tracking.
Consider the nonlinear plant


^ μ ðxðtÞÞμu ðtÞ;
x_ ðtÞ ¼ AxðtÞ þ B ωðtÞ þ μm ðtÞ þ ΘT ΦðxðtÞÞ þ G

xð0Þ ¼ x0 ;

t Z 0;

ð57Þ
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where xðtÞA Rn1 , t Z 0, ωðtÞ A Rm1 , μm ðtÞ A Rm1 , μu ðtÞA Rm2 , A A Rn1 n1 , B A Rn1 m1 , Θ A Rpm1 ,
^ μ : Rn1 -Rn1 m2 is Lipschitz continuous on Rn1 , and Φ : Rn1 -Rp is continuously
G
differentiable on Rn1 . Although A is unknown, the structure of A is known. The terms
ΘT ΦðxÞ, μm , and G^ μ ðxÞμu capture the system nonlinearities. Speciﬁcally, the matrix Θ is
unknown, the regressor vector ΦðÞ is assigned a priori, and ΘT ΦðxÞ captures the system
nonlinearities parametrized by the regressor vector. The vector function ΦðÞ is a ﬁnitedimensional basis for the inﬁnite-dimensional space of nonlinearities, and it follows from Baire's
category theorem [25, Th. 4–7.2] that ΘT ΦðxÞ can only approximate the system nonlinearities
^ μ ðxÞμu in (57) are key to capture unmodeled matched
[11]. Hence, the unknown terms μm and G
and unmatched nonlinearities, respectively.
Consider the reference model
x_ ref ðtÞ ¼ Aref xref ðtÞ þ Bref rðtÞ;

xref ð0Þ ¼ xref 0 ;

t Z 0;

ð58Þ

where xref ðtÞ A Rn1 , t Z 0, r : ½0; 1Þ-Rm1 denotes a bounded reference input signal,
Aref A Rn1 n1 is Hurwitz, and Bref A Rn1 m1 , and assume there exist K x A Rn1 m1 and
K r A Rm1 m1 , such that
Aref ¼ A þ BK Tx ;

ð59Þ

Bref ¼ BK Tr :

ð60Þ

The objective of the model reference adaptive control is to design ω ¼ ηðx1 ; x2 Þ, for some
x2 A Rn2 , so that the plant state x(t), t Z 0, of Eq. (57) with μm ¼ 0 and μu ¼ 0 eventually mimics
the state of the reference model xref(t), that is, limt-1 x1 ðtÞ ¼ 0, where x1 ðtÞ ¼ xðtÞ  xref ðtÞ. To
this goal, the plant control input is set as
T
T
^ T ΦðxÞ;
ð61Þ
ηðx1 ; x2 Þ ¼ K^ x x þ K^ r rðτÞ Θ
h
iT
T
T
T
^ ðτÞ ; τ , vecðÞ denotes the columnwhere τ Z 0, x2 ¼ vecT K^ x ðτÞ ; vecT K^ r ðτÞ ; vecT Θ
stacking operator,

x_ 2 ðtÞ ¼ f 2 ðx1 ðtÞ; x2 ðtÞÞ;

x2 ð0Þ ¼ x20 ;

t Z 0;

ð62Þ

f 2 : Rn1  Rn2 -Rn2 is to be determined, f 2 ð; x2 Þ is locally Lipschitz continuous in x1, and
f 2 ðx1 ; Þ is locally Lipschitz continuous in x2. Note that in practical applications, the adaptation
^
gains K^ x ðÞ, K^ r ðÞ, and ΘðÞ
represent variables in a computer and do not have a physical
meaning. Therefore, since the adaptation gains do not need to asymptotically converge to zero,
the partial-state stability framework presented in this paper is ideal to analyze the adaptive
control architecture.
Assuming that the system nonlinearities are exclusively captured by ΘT ΦðxÞ, the next result
^
provides a choice of the adaptation gains K^ x ðÞ, K^ r ðÞ, and ΘðÞ,
and hence of the control system
(62), so that limt-1 x1 ðtÞ ¼ 0. For the statement of this result, note that Eqs. (57), (61), and (58)
yield
h
i
T
T
x_ 1 ðtÞ ¼ Aref x1 ðtÞ þ B K~ x ðtÞxðtÞ þ K~ r ðtÞrðtÞ
h
i
~ T ðtÞΦðxðtÞÞ þ G1μ ðx1 ðtÞÞμu ðtÞ; x1 ð0Þ ¼ x10 ; t Z 0;
þB μm ðtÞ  Θ
ð63Þ
~
^
where K~ x ðtÞ 9 K^ x ðtÞ K x , K~ r ðtÞ 9 K^ r ðtÞ  K r , and ΘðtÞ9
ΘðtÞ
Θ.
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Theorem 5.1 ([28, Th. 9.2]). Consider the nonlinear dynamical system G given by Eq. (63)
^ such that
with μm ¼ 0, μu ¼ 0, and K^ x ðÞ, K^ r ðÞ, and ΘðÞ
K^_ x ðtÞ ¼  Γ x xðtÞxT1 ðtÞPB;

K^ x ð0Þ ¼ K^ x0 ;

K^_ r ðtÞ ¼  Γ r rðtÞxT1 ðtÞPB;

K^ r ð0Þ ¼ K^ y0 ;

ð65Þ

_
Θ^ ðtÞ ¼ Γ Θ ΦðxðtÞÞxT1 ðtÞPB;

^
^ 0;
Θð0Þ
¼Θ

ð66Þ

t Z 0;

ð64Þ

where Γ x ARn1 n1 , Γ r A Rll , and Γ Θ A Rpp are positive-deﬁnite, x(t), t Z 0, satisﬁes Eq. (57)
with μm ðtÞ ¼ μu ðtÞ ¼ 0 and ω ¼ ηðx1 ; x2 Þ given by Eq. (61), and P A Rn1 n1 is the positive-deﬁnite
solution of
0 ¼ ATref P þ PAref þ Q;

ð67Þ

for some positive-deﬁnite Q A Rn1 n1 . Then G is uniformly Lyapunov stable, and x1 ðtÞ-0 as
t-1 uniformly in x20 for all x10 A Rn1 and x20 ARn2 .
Let x1 ðtÞ, t Z 0, verify Eq. (63) with μm ðtÞ ¼ μu ðtÞ ¼ 0, and let x2 ðtÞ verify Eq. (62). Theorem
5.1 consists in proving uniform Lyapunov stability of closed-loop system by means of a
Lyapunov function V : Rn1  Rn2 -R such that
V_ ðx1 ðtÞ; x2 ðtÞÞ ¼  xT1 ðtÞQx1 ðtÞ;

t Z 0;

ð68Þ

along the trajectories of Eqs. (63) and (62) with μm ðtÞ ¼ μu ðtÞ ¼ 0, and then applying Barbalat's
lemma [15, Lemma 4.1] to prove global uniform convergence of x1 ðÞ.
Considering the matched nonlinearities μm ðÞ and the unmatched nonlinearities μu ðÞ in Eq.
(57) as pursuer and evader control inputs in a differential game, respectively, the next theorem
provides an explicit parametrization for those nonlinearities, which are not captured by the
regressor vector and do not disrupt the ability of the adaptive control law (61) to regulate the
nonlinear plant (57). For the statement of this theorem, which is the main original result of this
section, let R2μm : Rn1  Rn2 -Rm1 m1 and R2μu : Rn1  Rn2 -Rm2 m2 be continuous on Rn1 
Rn2 and sign-deﬁnite, that is, either R2μm ðx1 ; x2 Þ Z N m ðx1 Þ, ðx1 ; x2 Þ A Rn1  Rn2 , or
R2μm ðx1 ; x2 Þr  N m ðx1 Þ, for some positive-deﬁnite matrix function N m : Rn1 -Rm1 m1 , and
either R2μu ðx1 ; x2 ÞZ N u ðx1 Þ or R2μu ðx1 ; x2 Þr  N u ðx1 Þ for some positive-deﬁnite matrix function
N u : Rn1 -Rm2 m2 . Let also
Z 1
Vðx1 ; x2 Þ ¼
sT1 ðt; x1 ; x2 ÞQs1 ðt; x1 ; x2 Þdt;
ð69Þ
0

where sðt; x1 ; x2 Þ ¼ ½sT1 ðt; x1 ; x2 Þ; sT2 ðt; x1 ; x2 ÞT , t Z 0, denotes the trajectory of Eqs. (63) and (62)
with initial condition sð0; x1 ; x2 Þ ¼ ½xT1 ; xT2 T , s1 ðt; x1 ; x2 Þ ARn1 , and s2 ðt; x1 ; x2 Þ A Rn2 .
Theorem 5.2. Consider the nonlinear dynamical system (63), where K~ x ðtÞ ¼ K^ x ðtÞ K x , t Z 0,
~ ¼ ΘðtÞ
^
^
Θ, K^ x ðÞ, K^ r ðÞ, and ΘðÞ
satisfy Eqs. (64)–(66), and
K~ r ðtÞ ¼ K^ r ðtÞ K r , and ΘðtÞ
∂ΦðxÞ
suppose that ∂x1 is globally uniformly bounded and
1
1
Gμm ðx1 ÞR2μ
ðx1 ; x2 ÞGTμm ðx1 Þ þ Gμu ðx1 ÞR2μ
ðx1 ; x2 ÞGTμu ðx1 ÞZ 0;
m
u

ðx1 ; x2 ÞA Rn1  Rn2 ;

ð70Þ
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h
iT

T
where Gμm ¼ BT ; 0m1 n2 and Gμu ¼ GT1μ ðx1 Þ; 0m2 n2 . If


1
μm ¼ ϕðx1 ; x2 Þ ¼  14R2μ
ðx1 ; x2 Þ BT ; 0m1 n2 V 0T ðx1 ; x2 Þ;
m

ðx1 ; x2 ÞA Rn1  Rn2 ;

h
i
1
T
μu ¼ ψ ðx1 ; x2 Þ ¼  14R2μ
ð
x
;
x
Þ
G
ðx
Þ;
0
V 0T ðx1 ; x2 Þ;
1
2
1
m
n
2
2
1μ
u
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ð71Þ
ð72Þ

^ 0.
then x1 ðtÞ-0 as t-1, uniformly in K^ x0 , K^ y0 , and Θ
This result, whose proof is presented in the Appendix, proves that the adaptive control law
(61) guarantees satisfactory trajectory tracking in spite of the matched nonlinearity μm ¼ ϕðx1 ; x2 Þ
and the unmatched nonlinearity μu ¼ ψðx1 ; x2 Þ, which are not captured by the regressor vector
ΦðxÞ. Remarkably, both ϕðx1 ; x2 Þ and ψðx1 ; x2 Þ are parametrized by the sign-deﬁnite matrix
functions R2μm ðx1 ; x2 Þ and R2μu ðx1 ; x2 Þ and the positive-deﬁnite matrix Q. Therefore, Theorem 5.2
provides an explicit parametrization of the nonlinearities μm ðÞ and μu ðÞ by means of
m1 ðm1 þ1Þþm2 ðm2 þ1Þ
scalar functions of x1 and x2, and n1 ðn21 þ1Þ real numbers.
2
Note that if R2μm ðx1 ; x2 ÞZ N m ðx1 Þ40 and R2μu ðx1 ; x2 ÞZ N u ðx1 Þ40, then Eq. (70) is always
satisﬁed. Alternatively, if R2μm ðx1 ; x2 Þr  N m ðx1 Þo0 and R2μu ðx1 ; x2 Þr  N u ðx1 Þo0, then Eq.
(70) is never satisﬁed. Let
Z 1h
T
Jðx10 ; x20 ; μm ðÞ; μu ðÞÞ ¼
ϕðx1 ðtÞ; x2 ðtÞÞ þ μm ðtÞ R2μm ðx1 ðtÞ; x2 ðtÞÞ
0

ϕðx1 ðtÞ; x2 ðtÞÞ þ μm ðtÞ
T

þ ψðx1 ðtÞ; x2 ðtÞÞ þ μu ðtÞ R2μu ðx1 ðtÞ; x2 ðtÞÞ
ψðx1 ðtÞ; x2 ðtÞÞ þ μu ðtÞ
i
 V 0 ðx1 ðtÞ; x2 ðtÞÞf ðx1 ðtÞ; x2 ðtÞÞ dt;

ð73Þ

where x1 ðtÞ, t Z 0, and x2 ðtÞ satisfy Eqs. (63) and (62), ϕð; Þ and ψð; Þ are given by Eqs. (71)
and (72), respectively, Vð; Þ is given by Eq. (69), f ðx1 ; x2 Þ ¼ ½f T1 ðx1 ; x2 Þ; f T2 ðx1 ; x2 ÞT , and
h
i
T
T
~ T ΦðxÞ :
ð74Þ
f 1 ðx1 ; x2 Þ ¼ Aref x1 þ B K~ x x þ K~ r rðτÞ Θ
The performance measure (73) captures the energy of the nonlinearities μm ðÞ and μu ðÞ by means
of the weighted L2 norms of ϕðx1 ; x2 Þ þ μm and ψðx1 ; x2 Þ þ μu . It follows from the proof of
Theorem 5.2 that if R2μm ðx1 ; x2 Þ is positive-deﬁnite and R2μu ðx1 ; x2 Þ is negative-deﬁnite, or if
R2μm ðx1 ; x2 Þ is negative-deﬁnite and R2μu ðx1 ; x2 Þ is positive-deﬁnite, then Eqs. (71) and (72)
guarantee the existence of a saddle point for Eq. (73) along the trajectories of Eqs. (63) and (62).
Lastly, if both R2μm ðx1 ; x2 Þ and R2μu ðx1 ; x2 Þ are positive-deﬁnite, then it follows from the proof of
Theorem 5.2 that Eqs. (71) and (72) guarantee the existence of a minimum for the cost function
(73).
Example 5.1. Consider the nonlinear plant


x_ ðtÞ ¼ axðtÞ þ b ωðtÞ þ μm ðtÞ þ θΦðxðtÞÞ þ g^ μ μu ðtÞ;

xð0Þ ¼ x0 ;

t Z 0;

ð75Þ

where xðtÞA R denotes the plant state, ωðtÞA R denotes the plant control input, a A R is
unknown, b40, θ A R is unknown, Φ : R-R is given and denotes the regressor function, g^ μ A R
is given, μm : ½0; 1Þ-R captures the matched nonlinearities, and μu : ½0; 1Þ-R captures the
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Fig. 5. Plant and reference trajectories versus time.

unmatched nonlinearities. Consider also the reference model
x_ ref ðtÞ ¼ aref xref ðtÞ þ bref rðtÞ;

xref ð0Þ ¼ xref 0 ;

t Z 0;

ð76Þ

where xref ðtÞA R denotes the reference model state, rðtÞ A R denotes a bounded input signal,
aref o0, and bref A R. The dynamical systems (75) and (76) are in the same form as Eqs. (57) and
(58), respectively, with n1 ¼ 1, m1 ¼ 1, m2 ¼ 1, and p¼ 1.
Assuming that μm ðtÞ ¼ μu ðtÞ ¼ 0, t Z 0, Theorem 5.1 provides an adaptive control law
ω ¼ ηðx1 ; x2 Þ, such that the plant state xðÞ asymptotically mimics the reference model state xref ðÞ.
Our goal is to apply Theorem 5.2 and parametrize the nonlinear terms μm ðÞ and μu ðÞ that do not
disrupt the adaptive control law's ability to regulate the plant dynamics.
It follows from Theorem 5.1 that if μm ðtÞ ¼ μu ðtÞ ¼ 0, t Z 0, and
^
ω ¼ ηðx1 ; x2 Þ ¼ k^ x x þ k^ r rðτÞ θΦðxÞ;

ð77Þ

^ τT ,
where x1 ¼ x  xref , τ Z 0, x2 ¼ ½k^ x ; k^ r ; θ;
_
k^ x ðtÞ ¼  γ x xðtÞx1 ðtÞpb;

k^ x ð0Þ ¼ k^ x0 ;

_
k^ r ðtÞ ¼  Γ r rðtÞx1 ðtÞpb;

k^ r ð0Þ ¼ k^ r0 ;

ð79Þ

_
θ^ ðtÞ ¼ γ θ ΦðxðtÞÞx1 ðtÞpb;

^ ¼ θ^ 0 ;
θð0Þ

ð80Þ

t Z 0;

ð78Þ

γ x 40, γ r 40, γ θ 40, p ¼ 
and q40, then x1 ðtÞ-0 as t-0 uniformly in x2 ð0Þ for all
x1 ð0ÞA Rn1 and x2 ð0ÞA Rn2 . It follows from Theorem 9.1 of [28] that
q
2aref ,

Vðx1 ; x2 Þ ¼ x21 þ b γ x 1 k^ x þ γ r 1 k^ r þ γ θ 1 θ^
2

2

2

ð81Þ

is a Lyapunov function, such that Eq. (68) with Q ¼ q is satisﬁed along the trajectory of Eq. (75)
with adaptive control input (77). In this case, Eq. (70) specializes to
g^ 2μ
b2
þ
Z 0;
r 2μm r 2μu

ð82Þ

where r 2μm A R⧹f0g and r 2μu A R⧹f0g are design parameters, and Eqs. (71) and (72) specialize to
1
μm ¼ ϕðx1 ; x2 Þ ¼  12r 2μ
bx1 ;
m

ðx1 ; x2 Þ A Rn1  Rn2 ;

ð83Þ
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Fig. 6. Plant trajectories versus time for several values of r2μu .
1
μu ¼ ψ ðx1 ; x2 Þ ¼  12r 2μ
g^ x1 ;
u μ

ð84Þ

respectively.
Let a ¼ 4, b¼ 1, θ ¼ 3, g^ μ ¼ 2, aref ¼  4, bref ¼ 4, p ¼ 1=4, r 2μm ¼ 0:1, r 2μu ¼  1, and
rðtÞ ¼ sgnð sin t Þ;

t Z 0;

ð85Þ

where sgnðÞ denotes the signum function. If Eq. (75) captures the pitch dynamics of an
helicopter, then ΦðxÞ ¼ tanhðxÞ, x A R, is a suitable choice of the regressor function [28, p. 270],
∂ΦðxÞ
2
∂x ¼ 1  tanh ðxÞ is globally uniformly bounded, and Eq. (82) is veriﬁed. Hence, the
assumptions of Theorem 5.2 are satisﬁed and the adaptive control law (77) guarantees
satisfactory trajectory tracking in spite of the nonlinearities (83) and (84).
Fig. 5 shows the reference trajectory xref(t), t Z 0, and the plant state vector x(t) both for
μm ðtÞ ¼ ϕðx1 ðtÞ; x2 ðtÞÞ and μu ðtÞ ¼ ψðx1 ðtÞ; x2 ðtÞÞ and for μm ðtÞ ¼ μu ðtÞ ¼ 0. In both cases,
limt-1 xðtÞ ¼ limt-1 xref ðtÞ ¼ 5 and hence limt-1 jx1 ðtÞj ¼ limt-1 jxðtÞ  xref ðtÞj ¼ 0. Lastly,
Fig. 6 shows the plant state vector x(t), t Z 0, for several values of the design parameter r 2μu and
hence,

for

several

values

of

2

g^ 2

κ r 2μu 9 r2μb þ r2μμ ;
m

¼ limt-1 xref ðtÞ ¼ 5 for any r 2μu such that κðr 2μu ÞZ 0.

u

also

in

this

case,

limt-1 xðtÞ

□

6. Conclusion
In this paper, we provided a systematic framework to solve the two-player zero-sum
differential game problem over the inﬁnite time horizon and guarantee partial-state asymptotic
stability of the closed-loop system. Speciﬁcally, we proved sufﬁcient conditions for the existence
of pursuer's and evader's state feedback control laws that guarantee partial-state asymptotic
stability of the closed-loop system and the existence of a saddle point for the system's
performance measure. No collaboration between the pursuer and the evader was assumed to
achieve closed-loop partial-state asymptotic stability. Indeed, the pursuer's control policy was
designed to guarantee closed-loop stability with respect to a class of evader's admissible controls,
some of which may lead to system instability if applied in conjunction with other pursuer's
admissible controls.
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The framework presented in this paper is suitable to address problems, such as the game of
two cars, in which the differential game ends when part of the system state trajectory enters a
given neighborhood of an equilibrium point within some time interval that is ﬁnite and not
assigned a priori. A key contribution of this work is that we extended our approach to the
differential game problem and provided a solution of the optimal control problems for partialstate stabilization in the presence of exogenous disturbances. Moreover, results presented in this
paper can be easily extended to solve differential games over the inﬁnite time horizon, which
involve time-varying dynamical systems with nonlinear–nonquadratic time-varying performance
measures, and address the H1 control theory for time-varying dynamical systems [19].
In the second part of this paper, we illustrated how our differential game framework can be
applied to analyze the effectiveness of a model reference adaptive control law. Speciﬁcally,
parametrizing matched nonlinearities by means of the regressor vector, model reference adaptive
control is a design technique that guarantees satisfactory trajectory tracking for uncertain
nonlinear dynamical systems. We modeled matched and unmatched nonlinerities in the plant
state, which are not captured by the regressor vector, as pursuer's and evader's controls in a
differential game, and provided an explicit parametrization of nonlinearities in the plant state that
do not disrupt the trajectory tracking capabilities of the adaptive controller. Two numerical
examples illustrated the applicability of the results presented.
Appendix A. Proofs of the main results
In this appendix, we present the proofs of the main results of this paper.
Proof of Theorem 3.1. It follows from Eqs. (17) and (18), and Theorem 2.1 that the closed-loop
system (14) and (15) is asymptotically stable with respect to x1 uniformly in x20. Similarly, global
asymptotic stability follows if D ¼ Rn1 , U ¼ Rm1 , W ¼ Rm2 , and the functions αðÞ and βðÞ
satisfying Eq. (17) are class K1 . Furthermore, it follows from Eqs. (17), (18), and (21), and
Theorem 2.2 that Eq. (24) is veriﬁed.
Next, let ðx10 ; x20 ÞA D0  Rn2 , uðÞ and wðÞ be admissible controls, and x1 ðtÞ, t Z 0, and x2 ðtÞ
be solutions of Eqs. (12) and (13). Then, it holds that
0 ¼  V_ ðx1 ðtÞ; x2 ðtÞÞ þ V 0 ðx1 ðtÞ; x2 ðtÞÞFðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ;

t Z 0:

ð86Þ

Hence,
Lðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ ¼  V_ ðx1 ðtÞ; x2 ðtÞÞ þ Lðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ
þV 0 ðx1 ðtÞ; x2 ðtÞÞFðx1 ðtÞ; x2 ðtÞ; uðtÞ; wðtÞÞ; t Z 0:

ð87Þ

Per deﬁnition, if uðÞ A S ψ ðx0 Þ, then x1 ðtÞ-0 as t-1. Thus it follows from Eq. (17) that
0 ¼ lim αðJ x1 ðtÞJ Þr lim Vðx1 ðtÞ; x2 ðtÞÞ r lim βð Jx1 ðtÞ JÞ ¼ 0;
t-1

t-1

t-1

for every uðÞ A S ψ ðx0 Þ. Consequently, Eqs. (87), (88), and (22) imply that
Z 1
Jðx10 ; x20 ; uðÞ; ψðx1 ðÞ; x2 ðÞÞÞ ¼
Lðx1 ðtÞ; x2 ðtÞ; uðtÞ; ψðx1 ðtÞ; x2 ðtÞÞÞdt
Z 01
¼
 V_ ðx1 ðtÞ; x2 ðtÞÞdt
0Z
1
þ
Lðx1 ðtÞ; x2 ðtÞ; uðtÞ; ψðx1 ðtÞ; x2 ðtÞÞÞdt
0

ð88Þ
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þ
Z0
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V 0 ðx1 ; x2 ÞFðx1 ðtÞ; x2 ðtÞ; uðtÞ; ψðx1 ðtÞ; x2 ðtÞÞÞdt

1

Z

 V_ ðx1 ðtÞ; x2 ðtÞÞdt

0

¼  lim Vðx1 ðtÞ; x2 ðtÞÞ þ Vðx10 ; x20 Þ
t-1

¼ Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ:

ð89Þ

Similarly, since Eq. (88) is satisﬁed for every wðÞ A S ϕ ðx0 Þ, it follows from Eqs. (87), (88), and
(23) that
Z 1
Lðx1 ðtÞ; x2 ðtÞ; ϕðx1 ðtÞ; x2 ðtÞÞ; wðtÞÞdt
Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; wðÞÞ ¼
0
Z 1
r
 V_ ðx1 ðtÞ; x2 ðtÞÞdt
0

¼  lim Vðx1 ðtÞ; x2 ðtÞÞ þ Vðx10 ; x20 Þ
t-1

¼ Jðx10 ; x20 ; ϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ;

ð90Þ

and Eqs. (89) and (90) yield Eq. (25).
Finally, it follows from Eq. (25) that ðϕðx1 ðÞ; x2 ðÞÞ; ψðx1 ðÞ; x2 ðÞÞÞ is a saddle point for the
performance measure Eq. (16) on S ψ ðx10 ; x20 Þ  S ϕ ðx10 ; x20 Þ, ðx10 ; x20 ÞA D0  Rn2 . Hence, Eq.
(26) directly follows from Eq. (1). □

Proof of Theorem 5.2. The result is a consequence of Theorem 3.1. Consider the nonlinear
dynamical system (63)–(66) and recall that Eqs. (64)–(66) are equivalent to Eq. (62) with
h
iT
T
T
T
x2 ¼ vecT K^ x ðτÞ ; vecT K^ r ðτÞ ; vecT Θ^ ðτÞ ; τ . In this case, Eqs. (63) and (62) are in the
same form as Eqs. (12) and (13), respectively, with u ¼ μm , w ¼ μu ,
F 1 ðx1 ; x2 ; u; wÞ ¼ f 1 ðx1 ; x2 Þ þ G1u ðx1 ; x2 Þu þ G1w ðx1 ; x2 Þw;
f 1 ðx1 ; x2 Þ given by Eq. (74), G1u ðx1 ; x2 Þ ¼ B, G1w ðx1 ; x2 Þ ¼ G1μ ðx1 Þ, and F 2 ðx1 ; x2 ; u; wÞ
¼ f 2 ðx1 ; x2 Þ. Consider also the performance measure (73), which is in the same form as Eq.
(16) with

T


Lðx1 ; x2 ; u; wÞ ¼ ϕðx1 ; x2 Þ þ μm R2μm ðx1 ; x2 Þ ϕðx1 ; x2 Þ þ μm

T


þ ψðx1 ; x2 Þ þ μu R2μu ðx1 ; x2 Þ ψðx1 ; x2 Þ þ μu
 V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ:
It follows from Theorem 5.1 and Deﬁnition 2.1 that Eqs. (63) and (62) with μm ðtÞ ¼ μu ðtÞ ¼ 0
is globally asymptotically stable with respect to x1 uniformly in x2 ð0Þ. Since asymptotic stability
implies Lyapunov stability, and Lyapunov stability implies global uniform boundedness, K^ x ðtÞ,
^ are globally uniformly bounded. Thus, since ∂ΦðxÞ is uniformly bounded on
t Z 0, K^ r ðtÞ, and ΘðtÞ
∂x1
ðx1 ;x2 Þ
ðx1 ;x2 Þ
Rn1 , it follows from Eqs. (63) and (62) that both ∂f 1 ∂x
and ∂f 2 ∂x
are globally uniformly
1
1
bounded. Now, proceeding as in the proof of Theorem 4.3 of [15], one can prove that Vð; Þ
given by Eq. (69) is a Lyapunov function for Eqs. (63) and (62) such that

αðJ x1 JÞ rVðx1 ; x2 Þr βðJx1 J Þ;

ðx1 ; x2 Þ A Rn1  Rn2 ;

ð91Þ
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V 0 ðx1 ; x2 Þf ðx1 ; x2 Þr  θð Jx1 J Þ;

ðx1 ; x2 ÞA Rn1  Rn2 ;

ð92Þ

some K1 functions αðÞ and βðÞ, some class K function θðÞ, and

T
f ðx1 ; x2 Þ ¼ f T1 ðx1 ; x2 Þ; f T2 ðx1 ; x2 Þ .
Next, we prove that the conditions of Theorem 3.1 are veriﬁed for R2μm ðx1 ; x2 ÞZ N m ðx1 Þ40,
ðx1 ; x2 ÞA Rn1  Rn2 , and R2μu ðx1 ; x2 Þr  N u ðx1 Þo0; the cases wherein the matrices R2μm ðx1 ; x2 Þ
and R2μu ðx1 ; x2 Þ have different signs are discussed at the end of the proof. It follows from Eq. (27)
and Lemma 2.1 that Eq. (36) is satisﬁed, and hence Eqs. (71) and (72) follow from Eq. (36) by
setting
for

∂
½Lðx1 ; x2 ; u; wÞ þ V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ
∂½uT wT T
þV 0 ðx1 ; x2 ÞGu ðx1 ; x2 Þu þ V 0 ðx1 ; x2 ÞGw ðx1 ; x2 Þw ¼ 0:

ð93Þ

Eq. (17) is immediately satisﬁed by Eq. (91), and since Vð; Þ is continuously differentiable, it
follows from Eq. (91) that Vð0; x2 Þ is a local minimum of Vð; Þ. Thus, V 0 ð0; x2 Þ ¼ 0, x2 A Rn2 ,
and it follows from Eqs. (71) and (72) that Eqs. (19) and (20) are satisﬁed. Eq. (21) is
immediately veriﬁed and it follows from Eq. (70) that
 θð J x1 J ÞZ V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ

h
1
Z V 0 ðx1 ; x2 Þf ðx1 ; x2 Þ  12V 0 ðx1 ; x2 Þ Gμm ðx1 ÞR2μ
ðx1 ; x2 ÞGTμm ðx1 Þ
m
i
1
T
þGμu ðx1 ÞR2μ
ðx
;
x
ÞG
ðx
Þ
V 0T ðx1 ; x2 Þ;
1
2
1
μ
u
u

ð94Þ

for all ðx1 ; x2 ÞA Rn1  Rn2 , which implies Eq. (18). Lastly, since Eqs. (43) and (44) are satisﬁed,
Eqs. (22) and (23) yield.
The conditions of Theorem 3.1 are veriﬁed and hence the nonlinear dynamical system (63) and
(62) with μm ¼ ϕðx1 ; x2 Þ and μu ¼ ψðx1 ; x2 Þ is globally asymptotically stable with respect to x1
uniformly in x20. The result now ensues, since asymptotic stability of Eqs. (63) and (62) with
respect to x1 implies that x1 ðtÞ-0 as t-1.
If R2μm ðx1 ; x2 Þr  N m ðx1 Þo0, ðx1 ; x2 ÞA Rn1  Rn2 , and R2μu ðx1 ; x2 ÞZ N u ðx1 Þ40, then the
proof follows in a similar manner by considering μm ðÞ as the evader and μu ðÞ as the pursuer.
Lastly, if R2μm ðx1 ; x2 Þ Z N m ðx1 Þ40, ðx1 ; x2 Þ A Rn1  Rn2 , and R2μu ðx1 ; x2 ÞZ N u ðx1 Þ40, then the
result follows from Theorem 5.1 of [26]. □
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